Abstract. We renormalize QCD at three loops in the modified regularization invariant, RI ′ , scheme in arbitrary covariant gauge and deduce that the four loop β-function is equivalent to the MS result. The anomalous dimensions of the scalar, vector and tensor currents are then determined in the RI ′ scheme at three loops by considering the insertion of the operator in a quark two-point function. The expression for the scalar current agrees with the quark mass anomalous dimension and we deduce an expression for the four loop RI ′ mass anomalous dimension in arbitrary covariant gauge and for any Lie group. 
Introduction.
The most widely used renormalization prescription in perturbative quantum field theory is the minimal subtraction scheme where only the infinities with respect to the regularization are subtracted from the divergent part of the Green's function to determine the renormalization group functions, [1] . In practice, though, it is more appropriate to use the modified minimal subtraction scheme, MS, since the convergence properties of perturbative series in this scheme are improved by additionally absorbing a finite part, ln(4πe −γ ), into the renormalization constants, [2] , where γ is the Euler-Mascheroni constant. The advantage of using the MS scheme, which is a mass independent scheme, rests in some elegant properties. For example, the MS β-function and anomalous dimension of the quark mass in QCD, are both independent of the covariant gauge fixing parameter, [1, 3] . Moreover, performing computations using MS and dimensional regularization, where the spacetime dimension becomes d = 4 − 2ǫ and ǫ is the regularizing parameter, one can carry out multiloop calculations to very high order. Indeed in QCD various four loop renormalization group functions are available, [4, 5, 6] , which represent the current state of computation. Whilst the MS scheme enjoys these elegant features and has become the standard reference scheme, it has the limitation that it is not a physical renormalization scheme. Examples of schemes which are founded in a more physical origin include, for example, the MOM and MOM schemes, [7, 8] . Though one disadvantage of using physical schemes is that fewer results currently exist to the same multiloop precision as in MS. However, it is well known that physical quantities in one scheme can be simply related to the same quantity in other schemes by a conversion function, [7] . Whilst one ordinarily uses dimensionally regularized perturbation theory to compute physical quantities one can also determine such information by using a lattice regularization. The advantage of this approach is that one in principle includes all non-perturbative contributions in a calculation which need to be converted from the lattice scheme to MS. For a recent review and applications in determining matrix elements in deep inelastic scattering see, for example, [9] where lattice results were matched to MS results. The scheme used is similar to a modified version of the regularization invariant, RI, scheme known as the RI ′ scheme, [10] . Therefore, in order to improve lattice estimates one requires the conversion of various renormalization group functions from MS to RI ′ . Recently, this problem has been addressed in the context of quark masses where the conversion functions were produced for all covariant gauges for the quark mass anomalous dimension at four loops, [11, 12] . Indeed the field anomalous dimensions were also deduced to the same order for the SU (N c ) colour group, [12] . Though in practice for the lattice application one only considers one particular gauge which is the Landau gauge. This work of [12] extended the three loop calculation of [11] . One practical feature of these computations was that one only needed to consider ordinary perturbation theory in the massless limit which effectively meant that the conversion functions could be deduced using standard multiloop perturbative tools for massless field theories.
Whilst these papers dealt with the problem of quark masses deduced from the lattice there are other problems where the conversion functions are required. For instance, there is interest in deducing low moments of the structure functions measured in deep inelastic scattering from the lattice, [9, 13] . To improve estimates the conversion factors from the MS scheme to the RI ′ scheme are required. Therefore, the purpose of this article is twofold. First, given that the RI ′ scheme is important for relating Landau gauge lattice results to the MS scheme we will renormalize QCD at three loops in the RI ′ scheme though in a general covariant gauge. Whilst we are ultimately interested in quark currents it is not inconceivable that the anomalous dimensions of operators with gluonic fields will at some time be measured on the lattice and therefore the anomalous dimensions of the gluon (and ghost) fields will need to be determined at the same level as the quarks. Equipped with the fully renormalized QCD Lagrangian in the RI ′ scheme we will then extend the approach of [12] to deduce RI ′ information but for the anomalous dimension of a particular quark composite operator which corresponds to the tensor current in QCD. It is of interest since it represents the lowest moment of the transversity operator in deep inelastic scattering, [14] . Given the recent resurgence of experimental and theoretical interest in transversity, (see, for example, [15, 16, 17, 18, 19] ), the longer term aim is to provide a more accurate numerical estimate for the associated matrix element prior to experimental data being accumulated at RHIC. One motivation in this approach is to develop the calculational formalism to determine the conversion function for an operator which is a simple extension of [12] . In [12] the quark mass conversion functions were determined by considering the corrections to the massive quark two-point function which is an avenue not immediately available for a composite operator. Nevertheless we will bridge this gap by reconstructing the result of [12] at three loops by first considering the problem of the mass renormalization as the renormalization of the associated composite operator,ψψ, as inserted in a two-point Green's function prior to replacing it by the operator of main interest which is the tensor current. Moreover, given this way of computing we need only use the massless version of QCD.
The paper is organised as follows. In section two we discuss the three loop renormalization of QCD in the RI ′ scheme and provide the renormalization group functions. These results are used in section three to extract the anomalous dimension of the quark mass operator in QCD in RI ′ which agrees with the earlier Landau gauge result of [12] . Having provided the formalism for treating an operator, we extend that calculation to the tensor current case in section four. Finally, our conclusions are given in section five.
RI
′ scheme at three loops.
We begin by explicitly renormalizing QCD in the RI ′ scheme at three loops using dimensional regularization. The bare QCD Lagrangian, with the gauge fixed covariantly, is
where A a µ is the gluon field,
, c a andc a are respectively the ghost and antighost fields and α is the covariant gauge fixing parameter. The indices range over 1 ≤ a ≤ N A , 1 ≤ I ≤ N F and 1 ≤ i ≤ N f where N F and N A are the respective dimensions of the fundamental and adjoint representations of the colour group whose generators are T a and structure functions are f abc whilst N f is the number of quark flavours. The covariant derivatives are defined by
In renormalizing the full Lagrangian in the RI ′ scheme, which we will define more precisely later, we must ensure that the scheme is consistent. We can achieve this, for example, by demonstrating that the renormalization constants for the gluon, ghost and quark fields correctly produce the same gauge independent coupling constant renormalization at three loops from different Green's functions, thereby ensuring that the Slavnov-Taylor identities are respected. If we regard all the quantities in the QCD Lagrangian, (2.1), as bare and denote them with the subscript o , we introduce the corresponding renormalized quantities by the usual definitions
where µ is the mass scale introduced to ensure the coupling constant is dimensionless in ddimensions and d = 4 − 2ǫ with ǫ the regularizing parameter.
To determine the RI ′ scheme values of the renormalization constants we first consider the gluon, quark and ghost two-point functions. In [10, 11, 12] the RI ′ scheme definition of the quark wave function renormalization is given by the Minkowski space condition
where Σ ψ (p) is the bare (massless) quark two-point function and p is the external quark momentum. As we are considering massless quarks Σ ψ (p) will be proportional to p / and involve poles in ǫ at each order in the strong coupling constant. To contrast with the MS scheme, the RI ′ scheme definition of the quark wave function is such that one absorbs the complete finite part of the Green's function with respect to ǫ into the renormalization constant. In other words only the O(1) piece is removed and the O(ǫ) part is ignored. In the MS scheme only the poles in ǫ are removed as well as the finite parts involving powers of ln(4πe −γ ). For completeness we note that in the RI scheme one absorbs the full finite part in the same way as in the RI ′ scheme, (2.4), but for a different part of the Green's function which is,
Due to the presence of the derivative this scheme is much more difficult to implement on the lattice compared with (2.4) which is why we are concentrating on RI ′ . For the remaining wave function renormalization constants we define their RI ′ values in a similar way to (2.4). For the ghost fields Z RI ′ c is determined by
The definition of the gluon field requires more care due to it having transverse and longitudinal components. Rendering the former finite determines Z A whilst the finiteness of the latter component fixes the gauge parameter renormalization constant. In the spirit of the quark and ghost RI ′ scheme renormalization constants we now define Z RI ′ A and Z RI ′ α through the following conditions. Writing the gluon polarization tensor, Π µν (p), as
we define the associated RI ′ scheme renormalization constants as
and lim
Having established the scheme definition of the field renormalization constants we have computed them explicitly for arbitrary α for (2.1). We have used the Mincer package, [20] , written in the symbolic manipulation language Form, [21, 22] , where the Feynman diagrams are generated with Qgraf, [23] . The basic nature of the renormalization conditions are straightforward to implement in Form using the approach of [24] . Briefly, one computes the appropriate Green's functions in terms of bare parameters and couplings and then introduces the counterterms by rescaling these variables into the renormalized ones using the definition of renormalization constants, (2.3). Also, for Green's functions which ordinarily involve a bare parameter in the tree part, one divides the Green's function by the bare parameter first before rescaling, [24] . Therefore, we quote the results of our calculations. We find 
where Tr
is the Riemann zeta function, a = g 2 /(16π 2 ) and g is the coupling constant appearing in the covariant derivative. At this point it is worth commenting on the status of the variables a and α. As we have computed the renormalization constants for the RI ′ scheme they correspond to the RI ′ scheme coupling constant and covariant gauge parameter. When it is necessary we will include a label on the variables to distinguish which scheme they are defined in. As with other schemes they can be related to the corresponding MS variables which we will discuss later. Throughout this article when we quote any renormalization constant the scheme will be denoted on the renormalization constant itself and it will be understood that the variables will be in that scheme as well. For completeness we note,
where the variables a and α correspond to those of the MS scheme. There are several checks on these results. First, we have verified that the correct three loop MS renormalization constants, [25, 26, 27, 28, 29] , emerge with the programmes we have written prior to extracting the results for the RI ′ scheme. Second, the gauge parameter, α, does not get renormalized as in the MS scheme so that gauge invariance is not destroyed. Next, our three loop result for Z RI ′ ψ agrees with the four loop result of [12] in the Landau gauge. They do not agree for non-zero α. The reason for this is that in the RI ′ scheme used in [12] the values taken for Z A and Z α were different from those given above. More specifically the MS expressions were used which only differ in the case α = 0. However, using the scheme adopted in [12] we have reproduced the expressions given there for all α which again confirms the correctness of our programming. However, as we believe the full RI ′ scheme we have introduced here is more natural we will always present subsequent results with reference to the above renormalization constants. Indeed it is not inconceivable that at some point one would require the renormalization of an operator with gluon content in RI ′ and therefore one would require our Z RI ′ A . Nevertheless all results should be consistent with [12] in the Landau gauge, α = 0.
Whilst the results for the field renormalizations are deduced from the two-point functions we have yet to establish their consistency. This can be verified by renormalizing several threepoint functions to obtain the same coupling constant renormalizations. We have examined both the quark gluon and ghost gluon vertices. However, with the wave function renormalization containing a finite part at one loop the method of renormalizing the vertices in the RI ′ scheme cannot be the same as for the two-point functions. In other words one cannot absorb a finite part from the three-point functions into the definition of the coupling constant renormalization. For instance, at one loop the quark gluon vertex would give an N f dependent finite part to that coupling constant renormalization constant. However, this N f dependence cannot be matched in the gluon ghost vertex which is N f independent at one loop. Although it is possible to follow this route and accommodate the problem of the finite parts in the three-point vertices it will lead to an MOM or MOM renormalization scheme which we are not considering here, [7, 8] . Therefore, to define a three loop renormalization constant for Z g in the RI ′ scheme which is consistent with the Slavnov-Taylor identities we define the Z g renormalization for each vertex in an MS way. In other words we define Z g by only absorbing the infinities without removing any finite parts, aside from powers of ln(4πe −γ ). With this we can consistently deduce the same coupling constant renormalization from both three-point functions. More concretely we have
where G finite i are treated as finite with respect to ǫ and are not unity and we have omitted the overall structure function from the ghost gluon Green's function. Though the tree part of each G finite i is unity since we have first divided G i (p) by the bare coupling constant before rescaling as in the method of [24] . To evaluate Z RI ′ g explicitly we have again used Mincer, [20] . However, to do this correctly the external momentum of one leg must be nullified as Mincer can only be applied to two-point functions. To avoid potential spurious infrared infinities arising in this case we have chosen to nullify an external quark or ghost leg respectively leaving p as the overall external momentum. Consequently we find from both three-point functions that
which is the same as in the MS scheme, [29, 28] , though it could only have differed in the three loop term which is scheme dependent. Thus to this order the RI ′ and MS β-functions coincide.
In our conventions we have, for all α,
where we have explicitly indicated the scheme of the coupling constant as a subscript. Given that the three loop term of the β-function can be different we have constructed the relation between the coupling constants of the RI ′ and MS schemes explicitly. To do this we parallel the approach of [30] where the same procedure was followed to establish the relation between various MOM coupling constants and the MS coupling. Since we have renormalized two different three-point functions we have to check that both give equivalent results and are consistent with the Slavnov-Taylor identities. We define
where the Green's functions on the right hand side are the finite expressions. Moreover, since we are concerned with the finite part of the Green's function after renormalization G , [30] . In particular, for the momentum routing we are considering, we have defined, [30] ,
where
For the ghost gluon vertex we do not need to take into account several projections since there is only one Lorentz structure for that vertex with one external momentum nullified. In addition to computing a RI ′ as a function of a MS for both vertices we will also need the relation of the covariant gauge parameter in one scheme with that in the other since, for instance, G RI ′ finite Acc depends on a RI ′ and α RI ′ . This is achieved by, [30] , for all gauges and for the covariant gauge parameter
The former expression is consistent with the three loop RI ′ β-function being equivalent to the MS one for arbitrary covariant gauge. Moreover, since the three loop term of the transformation is also absent this implies that the four loop RI ′ β-function is also equivalent to the four loop MS β-function in all gauges. The non-trivial relation between the gauge parameters will be crucial in carrying out checks on the renormalization group functions.
We have calculated the renormalization group functions for the various wave function renormalizations directly from the renormalization constants themselves. In particular we used 27) to the same order which corresponds to the gluon propagator being transverse. Hence, from the renormalization constants we have computed we find, in four dimensions, that
where we use the same convention for the renormalization group functions as for the renormalization constants in that the variables a and α are in the scheme indicated on the renormalization group function itself. The expression for γ RI ′ ψ (a) agrees with the three loop expression for the colour group SU (N c ) in the Landau gauge given in [12] . Moreover, a final check on our calculation resides in the fact that in constructing these RI ′ scheme renormalization group functions the correct double and triple poles in ǫ in the renormalization constants have been determined in the computation. If they were not correct then finite renormalization group functions would not have emerged.
In [12] the quark anomalous dimension was computed explicitly by first determining the appropriate function which converts the MS result to the RI ′ expression following a standard procedure which is discussed in, for example, [31] . As a final check on our wave function renormalization group functions in the RI ′ scheme we have also computed them from the conversion functions which are defined as
It is important to appreciate how these functions are explicitly constructed. They are functions of the two parameters a and α in the same scheme. However, the RI ′ scheme renormalization constants depend on a RI ′ and α RI ′ which therefore must be converted to their MS counterparts. In the following expressions for the conversion functions, and those we give later, we have chosen to express them in terms of the MS variables and omitted the corresponding subscript. We found
With these the RI ′ scheme renormalization group functions can be determined from
where i = A, c or ψ and we have included the scheme dependence of the variables explicitly though to the order we are working to the β-function is the same in both schemes. For each of the three cases we have computed the right hand side of (2.35) in terms of the MS variables and then converted to their RI ′ counterparts before verifying that the same previous expressions correctly emerge in terms of the RI ′ scheme variables. This completes the full three loop renormalization of the QCD Lagrangian in the RI ′ scheme.
3 Quark mass anomalous dimension in the RI ′ scheme.
We now turn to the problem of deducing similar renormalization constants for the composite quark currents of the form O A =ψAψ where A = 1, γ µ or σ µν with σ µν = 1 2 [γ µ , γ ν ] where the latter corresponds to the tensor current. As the lattice data is available for the insertion of the operator at zero momentum to deduce the conversion functions we will insert each of O A at zero momentum into a quark two-point function and examine the divergence structure of
In order to demonstrate the validity of this approach we must first reconstruct the anomalous dimension for the mass, [12] , which corresponds to the operator A = 1. Therefore, defining the renormalization constant Zψ ψ of the operator in the usual way by,
the RI ′ scheme value is given by the condition
where the wave function renormalization constants arise from the external fields. In the MS scheme this results in a gauge independent renormalization constant to all orders, [1, 3] . However, in RI ′ this is not the case since
which agrees with the quark mass renormalization constant Z RI ′ m deduced at four loops in [12] in the Landau gauge in our conventions. Thus we have demonstrated the equivalence of our operator method with the massive propagator approach of [12] . Further, we have checked that the correct three loop MS quark mass anomalous dimension, [32, 33] , emerges from our programmes. Therefore, from Z RI ′ m we can deduce the corresponding renormalization group function. With
we find
which agrees with [12] in the Landau gauge, aside from an overall factor stemming from our conventions which are the same as [34] . We have also derived the same expression by constructing the conversion function C O A (a, α) with A = 1 where
Thus, using
with the explicit expression
we find exact agreement. Moreover, this conversion function agrees with that given in [12] when restricted to the Landau gauge. However, in checking the three loop expression in the RI ′ scheme only the contribution up to and including the two loop term is required. The three loop part is only relevant for the four loop anomalous dimension. Therefore, since the four loop MS quark mass anomalous dimension is available, [5, 6] , for an arbitrary colour group we can deduce that the four loop correction to (3.6) is
are the quartic Casimirs associated with light-by-light topologies, [4, 6] , and the coupling constant and gauge parameter are in the RI ′ scheme. The four loop expression is in agreement with the Landau gauge expression of [12] for an SU (N c ) colour group.
As an additional check on the renormalization of a composite operator in the RI ′ scheme we have also considered the case of A = γ µ . One reason for examining this operator arises from the fact that as it is now a Lorentz vector the Green's function, G μ ψγ µ ψ (p), is not merely proportional to γ µ . Instead by Lorentz symmetry
where the amplitudes Σ (i) ψγ µ ψ (p) depend on the coupling constant. They are determined by the relations
The renormalization constant for the operator is determined from 13) and renormalizing the Green's function we find
14)
The non-renormalization of this current rests in the fact that it corresponds to a physical operator and therefore on general grounds its anomalous dimension vanishes. (See, for example, [31].) Furthermore, as the vector current has been inserted at zero momentum the γ µ component of its Green's function must obey the Slavnov-Taylor identity and be equivalent to the finite part of the quark two-point function after renormalization in the same scheme. In computing the quark wave function anomalous dimension in the previous section we have also determined the finite part in the MS scheme and it is reassuring to note that both it and 
are in exact agreement which provides an additional check on our programming. Further, it is the finite part of the first term which determines the relation of the MS scheme to the RI ′ scheme. Such a feature of extra contributions will persist in the tensor current case but the vector operator is peculiar in the sequence of dimension three operators in that only its anomalous dimension and finite part are entwined with the Slavnov-Taylor identity. Repeating the same exercise for the RI ′ scheme by introducing the definition
This is consistent with the observation that if an anomalous dimension of a physical operator vanishes in one scheme it vanishes in any other scheme. Moreover, (3.16) is also consistent with the Slavnov-Taylor identity in the RI ′ scheme since not only is it finite prior to renormalization but it is also unity which agrees with the finite part of the quark two-point function consistent with the nature of this renormalization scheme. Finally, to assist with lattice matching we record that the finite parts of the second component of the vector current Green's function are
As the anomalous dimension of the current had been computed for arbitrary covariant gauge parameter in the MS scheme, [35, 36, 34] , we note that the definition of the RI ′ scheme renormalization constant is
Therefore, we find that the gauge dependent renormalization constant is where we have used the same symbolic manipulation programme to compute this as for the scalar and vector cases aside from changing the Feynman rule for the operator insertion. Moreover, given that the programme correctly reproduces the gauge independent MS renormalization constant for all α, [35, 36, 34] , we are confident that (4.4) is correct. Therefore, from which is one of the main results of this article. For completeness, we note that * , [35, 36, 34] ,
where the four loop expression of (4.7) is available for QED in the quenched approximation, [36] . Specifying the Landau gauge for the colour group SU (3) we find we again have exact agreement.
5 Discussion.
To conclude we have first renormalized QCD to three loops in arbitrary covariant gauge in the RI ′ scheme. The full renormalization was necessary since, for example, the anomalous dimension of the gauge parameter is required when converting the renormalization constants to renormalization group functions for non-zero α. Although in practice one only requires information in the Landau gauge, computing for α = 0 provides important internal checks on the calculation such as for comparing with established MS results. Further, we have extended the machinery of [12] to compute the anomalous dimensions of the tensor operatorψσ µν ψ at three loops in the chiral limit in the Landau gauge in a scheme which is natural in lattice regularization. Given this approach it would be interesting to examine other operators whose anomalous dimensions are required in the RI ′ scheme such as the low moments of the twist-2 Wilson operators which occur in the operator product expansion in deep inelastic scattering and those relating to transversity, in order to provide the foundation to improve lattice estimates of matrix elements.
